We experimentally demonstrate that both quasi-linear and nonlinear self-localized bullet modes of magnetization auto-oscillation can be excited by dc current in the nano-gap spin Hall nano-oscillator, by utilizing the geometry with an extended gap. The quasi-linear mode is stable at low driving currents, while the bullet mode is additionally excited at larger currents, and becomes increasingly dominant with increasing current. Time-resolved measurements show that the formation of the bullet mode is delayed relative to the quasi-linear mode by up to 100 nanoseconds, demonstrating that the mechanisms of the formation of these modes are fundamentally different. We discuss the relationship between the observed behaviors and the formation of an unstable nonlinear magnon condensate.
it is highly desirable to identify the mechanisms controlling the preferential formation of each of these modes, and the approaches to controlling them.
In this Letter, we show that by extending the gap of the nano-gap SHNO in the direction transverse to the current flow, on can achieve controllable generation of the quasi-linear and the bullet modes in the same device. While both modes appear in the same range of driving currents, they exhibit substantially different behaviors at their auto-oscillation onset, clearly indicating that their formation mechanisms are fundamentally different. By analyzing the timedomain evolution of these modes, we find that the emergence of the bullet mode is significantly delayed relative to the quasi-linear mode. The delay can be controlled over a broad range by varying the driving current, which can be utilized to control the auto-oscillation regimes in the time domain. The observed behaviors also provide insight into the mechanisms underlying the formation and the stability of nonlinear magnon condensates. Figure 1 shows the layout of the test devices. They are based on a bilayer formed by a 4 nm-thick Pt and a 5 nm-thick Permalloy (Py) film, patterned into a square with the side of 5 µm. Two 80 nm-thick Au electrodes separated by a 250 nm-wide gap are fabricated on top of the bilayer. The electrodes are patterned into a trapezoidal shape converging to a 1.8 µm-wide base at the gap. As we shall see below, this geometry enables quasi-linear oscillation dynamics, which is generally suppressed in the previously studied nano-gap SHNOs based on sharppointed triangular electrodes, due to the preferential formation of the bullet mode when the size of the active area is comparable to the natural dimensions of the self-localized bullet. 8, [22] [23] [24] [25] The auto-oscillations in Py are excited by a dc current I applied between the electrodes.
Because of the large difference between the sheet resistances of the electrodes and the Py/Pt bilayer, the electric current in the Py/Pt bilayer is confined predominantly to the region in the gap between the electrodes (inset in Fig. 1 ). The spin current generated due to the SHE in Pt, 1- damping spin transfer torque on the magnetization M of the Py layer (Ref. 26) , which is maximized when the static magnetic field H0 is applied perpendicular to the direction of the electric current, as shown in Fig 1. At sufficiently large I, the damping in Py becomes completely compensated, leading to the excitation of steady-state magnetization autooscillations in the gap. 6 We detect the SHE-induced magnetization dynamics by using the micro-focus Brillouin light scattering (BLS) spectroscopy. 27 We focus the probing laser light with the wavelength of 532 nm into a diffraction-limited spot on the surface of the Py layer ( Fig. 2(a) ). The central frequency of this peak is close to the frequency fFMR of the uniform ferromagnetic resonance (FMR) in the Py film, determined from independent measurements of thermal magnetization fluctuations. This peak grows with increasing current above 30 mA, while its frequency slightly decreases due to the nonlinear frequency shift. 28 A second peak with the frequency far below fFMR appears in the spectrum at I33 mA ( Fig. 2(b) ), indicating a transition to the two-mode auto-oscillation regime. At I>33 mA, the intensities of both the high-frequency (HF) and the low-frequency (LF) peaks increase, and the LF peak starts to dominate at large currents. As the current is increased, the intensity of the HF mode continuously evolves from the fluctuation background, while the intensity of the LF is significant even at its abrupt onset at I=33 mA. Following the established terminology, 29 these behaviors can be classified as the "soft" and the "hard" onset of auto-oscillations, respectively. The quasi-linear auto-oscillation is generally distinguished by the soft onset, as observed in our experiment for the HF mode, while the nonlinear spin-wave bullet is distinguished by the hard onset observed for the LF mode. 6, 19 This interpretation of the two modes is supported by the current dependences of the autooscillation frequencies ( Fig. 3(b) ). At the onset, the central frequency of the peak corresponding to the HF mode is very close to fFMR. This seems to suggest that the HF mode evolves from the linear FMR mode. However, it was recently shown 30 that instead, the spin current injection results in the accumulation of magnons in the lowest-frequency state, reminiscent of the BoseEinstein condensation of magnons. 31 In the studied 5 nm-thick Py film, the lowest magnon frequency is only about 10 MHz lower than the FMR frequency. Such a small spectral separation is below the resolution of the BLS technique, making it impossible to experimentally distinguish between the two possibilities. Nevertheless, the results of Ref. 30 suggest that the HF mode likely evolves from the lowest-frequency magnon mode.
In contrast to the HF mode, even at the onset of the LF mode its frequency is about 0.6
GHz below the FMR frequency. This result unambiguously demonstrates that the LF mode does not have a counterpart in the linear spectrum, but is formed spontaneously at the autooscillation onset, which is one of the essential characteristics of the nonlinear bullet mode.
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To gain further insight into the nature the observed modes, we performed spatially resolved BLS measurements of the dynamic magnetization, by scanning the probing laser spot along the nano-gap. Figure 3(c) shows the normalized one-dimensional spatial profiles of the dynamic magnetization, recorded at the frequencies of the LF and the HF modes, at I=34 mA. Both autooscillation modes are localized in the nano-gap region, consistent with the data in Fig. 3(b) , which show that at finite currents the frequencies of the auto-oscillation modes are always smaller than the lowest magnon frequency in the surrounding extended Py film, preventing radiation of propagating spin waves away from the gap. We note that the LF mode is noticeably more localized than the HF mode. This can be attributed to the nonlinear self-localization of the bullet mode, reducing its dimensions below the size of spin current injection region. 19, 32 We note that the spatial characteristics of the stable bullet mode are generally determined by the nonlinear properties of the medium, and are expected to be almost independent of the size of spin current injection region. Based on the results of Ref. 32 , one expects that the bullet mode should shrink to dimensions below 100 nm, inconsistent with the experimental profile in Fig.   3 (c). This discrepancy indicates that the bullet mode in the studied devices with extended gap likely becomes unstable before it is fully formed.
The qualitative differences between the two modes are further elucidated by the timedomain evolution of the current-induced dynamics. Figure 4 (a) shows the BLS spectra corresponding to different delay times t relative to the start of the pulse of the driving current I=34 mA. At t=25 ns, only the HF mode is present in the spectrum. The LF mode emerges at longer delays, suggesting that the mechanism responsible for the formation of this mode is substantially different. This is further illustrated by Fig. 4(b) , which shows the time dependences of the intensities of the two modes on the log-linear scale. The intensities of both modes increase with time exponentially, at a similar rate. However, the HF mode emerges from the fluctuation background starting at t=0, immediately after the onset of the current pulse, while the LF mode starts to emerge with a significant delay Δt of about 27 ns. The observation that the LF mode requires a certain time for its formation indicates that the nonlinear selflocalization is facilitated by the initial increase of the dynamical amplitude of the quasi-linear mode. Indeed, for the spin wave bullet to be formed, the dynamical magnetization amplitude must increase to a certain critical level necessary for the onset of nonlinear self-localization. 19 Figure 4(c) shows the current dependence of the time Δt required for the bullet formation.
As the driving current I is increased from 33 mA to 36 mA, the value of Δt monotonically decreases from 100 ns to about 10 ns. Such a strong dependence can be utilized to develop new types of spin-based devices. For instance, the current pulse duration can be utilized to control the frequency of the microwave output of SHNO.
Finally, we discuss the regime in which the two auto-oscillation modes co-exist. According to the previous studies, the bullet and the quasi-linear mode compete for the same source of the angular momentum provided by the spin current, and are thus mutually exclusive, unless they are spatially separated. 33 Therefore, the simultaneous presence of two spectral peaks in our experiments likely indicates random hopping of the SHNO between these modes. 21, 34 This random switching cannot be observed in the temporal dependences in Fig. 4(b) , obtained by averaging over multiple pulses of the driving current. These behaviors can be also interpreted in terms of unstable magnon condensation. Because of the attractive magnon-magnon interaction, the initial condensation of magnons at the point of phase space corresponding to the lowest-frequency magnon state -the formation of the coherent quasi-linear HF mode -is followed at sufficiently large magnon densities by the spatial collapse of the condensate, resulting in the formation of the LF bullet mode corresponding to the condensation in the real space. The latter also eventually collapses because of the significant mismatch between the size of the active area and the natural size of the self-localized bullet. We emphasize that, as follows from our results, this process can be controlled by applying driving current in pulses with the duration <Δt, which allows one to prevent condensate collapse.
In conclusion, we have demonstrated experimentally a spin-Hall nano-oscillator that enables controllable excitation of the quasi-linear and the bullet dynamical modes. This is 
